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Abstract

This paper presents a detailed and rigorous derivation of the Einstein field equation using
variational calculus. By defining the Einstein-Hilbert action. we start from varying the grav-
itational action by applying some essential identities including the Palatini identity, Jacobi’s
formula, and so on, which eventually gives us the Einstein equation in vacuum. Next, we define
the matter action, whose variation gives the definition of the stress—energy tensor. In the end,
we add variation of these two actions together to derive the full Einstein field equation.
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1 Introduction

In classical mechanics, we define the Lagrangian as the kinetic energy minus the potential energy
and define the action by taking the integral of the Lagrangian, then we apply the variation to
derive the equation of motion by assuming the extremum of the action. In general relativity,
we apply a similar approach by defining the Einstein-Hilbert action and derive the Einstein field
equation. This method provides another approach and insight to the derivation of the Einstein
field equation instead of starting from the postulates. Since the Einstein-Hilbert action consists of
the Ricci scalar and the metric determinant, we apply the variation separately to each one of them.
The most part of this paper is to rigorously prove some useful identities and apply the divergence
theorem, properties of determinant functions, and careful treatment of variation of the metric on
the boundary to do the variation on the Ricci scalar. Next, the variation of the metric determinant
is easily derived using the previously proved identity. By combining the action of matter as well,
we finally derive the full Einstein field equation.

2 The Einstein—Hilbert Action and the Variational Principle

We begin by introducing the Einstein—Hilbert action, which is the action functional for the gravi-
tational field in general relativity. It is defined as:

S = Sgravitational + Smatter (1)
1
= ﬂ R\/ —g d4ZE + Smatter- (2)

where k = 87, g is the determinant of the metric tensor g,,,, R is the Ricci scalar, Sgravitational =
Q—IK f R\/=gd*z, and Smatter is the action for any matter fields present.
We aim to derive the Einstein’s field equations by applying the principle of stationary action:

58 =0. (3)

First we need to apply the variation on Sgravitational With respect to the metric tensor g by
expanding §(R+/—g) as

6(Rv—g) = (0R)V—g + R(6v/—9) (4)
Secondly, to also vary R, we write R = R,,,g"" to further vary R,, and g/ as well.

Finally, we will include the variation on Spyatter together to derive the full Einstein field equation.

3 Variation of the Ricci Scalar

In this section, we apply the variation on the Ricci Scalar in the first term of Equation (4). Before
deriving it, we consider some identities, and the first is the Palatini identity.

3.1 Proof of the Palatini Identity[2]: 0R,, = Vol), — V0,

The Palatini identity expresses the variation of the Ricci tensor R, in terms of the variation of
the Christoffel symbols 6T’ f;l,:

SRy, = V0T, — V,0T),. (5)
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To derive this identity, we begin with the definition of the Riemann curvature tensor in terms
of the Levi-Civita connection:

Rl gy = Oy — 0,10, + T4, T0, — T4, T, (6)
Taking the variation of both sides, we obtain:
SR gy = 00T, — 8,010, + 6% T, + T 6T, — 610, T, — T, 6T,
Although Christoffel symbols I'), themselves are not tensors, the variation 6I', is a tensor.
Therefore, we are allowed to take its covariant derivative:
A A A
VoIt = 0,00, + I‘Z)\(SFW — FW&“’/D\U — FW&F,’;\. (7)

Solving this equation for 9,0, and substituting it into the variation of the Riemann tensor,
we find that all terms involving I'0I" cancel out. Therefore, we are left with the following.

OR oy = V019, — V, 010, (8)

We now contract the first and third indices to obtain the variation of the Ricci tensor:
6Rys = OR* 0 9)
= V0I5, — V5oL, (10)

which is the desired Palatini identity, and it will be used in the next subsection.

3.2 A little rearrangement by applying Palatini Identity

We then consider the variation of the Ricci scalar R with respect to the metric. The Ricci scalar
is given by R = g"” R,,,,, where R, is the Ricci tensor, and its variation is:

SR = 5(g" Ru,) (11)
= R,69" + g" Ry, (12)

Then by the Palatini identity.
OR = Ryudg" + g (VAdT), = VT, ) (13)

Using the linearity and product rule of the covariant derivative, we can write:

gu'/v)\(grﬁu - v/\(gwjar/);u) - (v)\gﬂy)érﬁw (14)
gl“/vy(ﬂ“f;)\ = Vu(gwdeﬁ)\) - (Vygul/)(grﬁ/\' (15)

Because the Levi-Civita connection is metric compatible (V,g*" = 0), the second terms in both
expressions vanish, so Equation (13) becomes:

OR = Ryudg™ + Vs (90T, — g™ oT%, ) (16)
define

A Ve A STV
VA =gt 5F/w — gt 5FW,

So Equation (16) becomes:

SR = Ry, 09" + V\V* (17)
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3.3 Proof of the Jacobi’s Formula[2]: 9,9 = g 9*° 0,954

We are going to argue that the second term V,V* of Equation (17) vanishes when we apply the
variation of it to the integral. But before doing so, we first need to prove the Jacobi formula.
3.3.1 Identification of Determinant Function

Let us identify the determinant as a real-valued function:
det : R™ R
where R™"*" = R”Q, and identify the directional derivative of the determinant evaluated at
AeR"

along the direction ,
TeR"

as:
/

d
det(A)(T) = — det(A +£T)
de =0
for a general point ,
AcR"

, but here we require A to be invertible!
3.3.2 Lemma 1l
det(I)(T) = tr(T).
Proof. Using the definition of the directional derivative, we compute:

/
det(I)(T) = % det(I + £T)
e=0

Since det(I + €T') is a polynomial of degree n in ¢, its linear term is tr(7), so:

det(I)(T) = tr(T).

Therefore, we have:

det(I)(T) = d% det(I + €T)

e=0
. det(/ +eT) —det]
= lim
e—0 €
2y _
_ lim 1+tr(T)e + O(e%) —det I
e—0 €
2
50+ O)
e—0 £
= tr(7)
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3.3.3 Lemma 2
det(A)(T) = det A - tr(AT),
Proof. By property of the determinant of matrices, we have:
det(X) = det(A) - det(A_lX).

Differentiating the determinant function at X = A along the direction T, we get:

det(A)(T) = d% det(A + <T)

e=0

_ d%:(det(A) det(I +A~'T))

d
= det(A)d—E det(I +cA™'T)

/
= det A - det(I)(A™'T) (by definition)
=det A-tr(A7'T) (by lemma 1)

e=0

e=0

3.3.4 Proof of the Jacobi’s Formula[3]

Let A(t) depending on t be a differentiable family of invertible n x n matrices. Then:

d dA
—det A(t) =tr (A7 == ).
o det A(t) = tr < 7 )

dA

%> we have:

Proof. setting T' =

! ! dA d
det(A)(T) =det(4)- — = —det A
H(A)(T) = det(4) - S = & de
where the middle term is a row vector multiplied by a column vector, and both are with n*n
tuples

det A-tr(A7'T) = det A - tr (A_ILZ?> .

Then both equations are equal by Lemma 2
O
Therefore, with the identification g = det(A), 0,9 = %det A(t), g*P = A7, 9sa = A, and

Ougpa = %, we get 9,9 = 9 9°° 0494

3.4 Proof of the Identity[1]: \/—gV\V* = 0,(y/—gV?)

The covariant derivative of V¢ is given by:

VoV® = 0,V + TG, VH
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where

1
Ffja = igaﬁ (augﬁa + aag,é’u - 859;104)

Because the second and the third terms are antisymmetric in the indices « and (3, only the first
term survives:

1
Fffa = §gaﬂaug/50!
Therefore,
V=9V V" = /=90, V* + \/fgfzéavu
1
= V=90, V! ++/ —gigaﬁ(‘)ugga‘/“ (by the equality we just proved above)

10
=—g90, V! +/ —95%V“ (by the Jacobi’s Formula)

= Vg0V + gy Iy
(—9)

_ I3 19u(=9) %

= /=90, V" + i“ﬁv

= V=90, V" + (Ouv/—g)V"

= 0a(V=9gV")

3.5 Divergence as a Total Derivative and Boundary Term

Now, after a long journey, if we come back to the variation, by the identity we proved in the
subsection 3.4. In the integral, the second term of Equation (17) becomes:

[ vEavandie = [ v i (18)
M M

By the divergence theorem (Stokes’ theorem in differential form),

/ n(vV—=gVN d*z = VhVny dz, (19)
M

oM

where ny is the outward-pointing unit normal to the boundary M and vk is the induced volume
element on the boundary, i.e. it is the determinant of the restricted metric g on the boundary of

M.
In general, the integrand of this surface integral is not guaranteed to vanish but recall that,

VA = g"eTy, — g"ory,
The variation on the christoffel symbols involves the term
oghv

and its derivative. If the spacetime manifold M has the boundary, then we have to assume that
they are zero to ensure that this variational problem is well-posed, otherwise we have to add an
extra term, which is called Gibbons—Hawking—York boundary term , in our action in order to cancel
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them out. So this is in fact an important assumption in this paper. Physically, it means that we
only consider the events in the interior of M and ignore the variation of geometry on the boundary.
Finally, if the spacetime manifold has no boundary, then the surface integral vanishes since the
trivial boundary has measure zero. Therefore, we have:

/M V=g V\Vrdiz = 0. (20)

Hence, the term
AN

eventually does not contribute to our variational problem. We are done with the variation of the
first term in Equation (4), and the conclusion is the following:

/ ((5R)\/—7gd4a:—/ (Ruyég“”+v)\v)‘)\/jgd4x (by Equation (17)) (21)
M M

:/ R,,09"/—gd*z (by Equation (20)) (22)
M

4 Variation of the Metric Determinant

In this section, we apply the variation on the metric determinant in the second term of Equation
(4). This part is easy. We just compute:

_14(—g)

1
= 59’“’59#1/\/ —g (by Jacobi’s formula)

1 : 4 4
= _ig,uu(sglwv -9 (Slnce guyég“ = —g" 5g,uu)

Therefore,

1
/ R(éx/—g)dzl;v:/ —~Rg,, 09" /—gd*z (23)
M M2

5 Combining Variations to Derive the Field Equations

Compute the variation of the gravitational part of the Einstein—Hilbert action:

5Sgravitationa1 = i /M 5(R\/jg)d4$ (24)
_ i | 6B V=g+ BGV=g)] d's (by Bquation (4) (25)
1

1

=5 (R — iRgW)ég’“’\/—gd%c (by Equation (22) and (23)) (26)
K Jm

65 = 0 for arbitrary dg*” yields the vacuum Einstein field equations:

1
R;w - §ng/ = 0. (27)

7
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6 Inclusion of Matter Fields

We now consider the presence of matter by including a matter action Spyatter defined by:

Smatter = / 'CM V —gd4$ (28)
M

The variation of this action with respect to the metric is as follows:

5Smatter - / 5(£M V —g)d4$ (29)
M

-5 /M(_z)éf/ﬁ_ﬁg\;gg) 59"/ —gd's (30)

define the stress-energy tensor:

1 -2 ny)

31
V=g g (1)
So Equation (30) becomes:
-1
0Smatter = 2/ ijég“”\/—gd‘lx (32)
M
Recall that the total action is S = Sgravitational + Smatter, 50 65 = 0 implies that:
1 1 v 4 —1 v 4 .
0= o (R — iRgW)(Sg“ V—gd*z + -5 Tw0g""'/—gd*x  (by Equation (26) and (32))
K Jm M
(33)
1 1 1 , y
= —(Ruw — s R9w) — 5T | 69"/ —gd x (34)
M 2K 2 2
which leads to the full Einstein field equations:
1
R, — §ng = KTy,. (35)

for k being a very small constant

7 Conclusion

Through a careful and rigorous application of the variational principle to the Einstein—Hilbert ac-
tion, we have derived Einstein field equations. The process involved multiple non-trivial identities,
including the Palatini identity and Jacobi formula, as well as handling boundary terms via the di-
vergence theorem. The variation of both the Ricci scalar and the metric determinant was computed
explicitly. The inclusion of matter fields through the matter Lagrangian completed the derivation
of the full Einstein equations. This work demonstrates not only the mathematical consistency
of general relativity, but also the elegance of the least action principle as a foundational tool in
gravitational theory.
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